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Abstract: Magnetic relaxation times are the central observable in defining the characteristics of single-
molecule magnets. It is not uncommon to observe multiple distinct relaxation timescales for a pure 
material, and sometimes only one relaxation timescale is observed in samples containing multiple 
components. Herein we examine the conditions required for two distinct relaxation processes to be 
observable in alternating current susceptibility experiments. We find that there must be at least one order 
of magnitude difference in the two relaxation times หlogଵ଴ሾ𝜏ఓ,ଵ/𝜏ఓ,ଶሿห ൐ 0.922, even when the intrinsic 
distributions of the two processes are infinitely sharp (𝛼 ൌ 0 in the generalised Debye model). In the 
case where only one process is observable, we provide an expression to estimate the two underlying 
relaxation times, allowing extraction of “hidden” information from AC susceptibility data. 
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I. Introduction  

Molecular magnets have fascinated chemists and physicists alike for the best part of a century, because 
their structure, dimensionality and physical properties can be tuned via synthesis. These materials can be 
zero-, one-, two- or three-dimensional magnetic systems that can serve as textbook examples of finite or 
extended quantum systems [1]. Single-molecule magnets (SMMs) have been of particular interest over 
the last 30 years: these are zero-dimensional molecular magnets (i.e. isolated molecules) that show slow 
magnetic dynamics intrinsic to the molecular unit [2]. SMMs are characterised by their magnetic 
relaxation time 𝜏ఓ (or reciprocally the relaxation rate 𝜏ఓିଵ), which is related to the half-life of the 
samples return to magnetic equilibrium as 𝑡ଵ/ଶ ൌ 𝜏ఓ lnሾ2ሿ. The temperature and magnetic field 
dependence of 𝜏ఓ gives insight into the underlying spin-phonon coupling mechanisms responsible for re-
equilibration [3-5]. Magnetic relaxation is most commonly measured by alternating current (AC) 
susceptometry [6] but also often by direct current (DC) magnetisation decay when the relaxation time 
falls below the AC frequency window. Both techniques often show evidence of distributions in the 
relaxation time (𝛼 and 𝛽 parameters in the generalised Debye (AC) and stretched exponential (DC) 
model functions, respectively [2]). In many SMMs, these distributions are far broader than the 
experimental error in measuring 𝜏ఓ, and thus we have recently developed a method for obtaining 
estimated standard deviations (ESDs) for the relaxation times as measured by AC [7] and DC [8] 
methods. Here we now turn to the problem of multiple relaxation times, which is a relatively common 
observation in SMMs [9-15]. The origin of multiple relaxation times is often associated with inequivalent 
magnetic sites in a material, however there are many reports where multiple relaxation times are observed 
where only one crystallographically unique site is present, and indeed this can be explained either by the 
underlying electronic structure (i.e. presence of multiple electronic states through which relaxation can 
proceed, and hence multiple relaxation processes) [16], or to a broad distribution of intermolecular 
dipolar magnetic fields leading to different local magnetic fields [17]. However, the physical origin or 
interpretation of multiple relaxation processes is not the focus of this work, and rather we are interested 
in the conditions for observation, or not, of two relaxation times (𝜏ఓ,ଵ and 𝜏ఓ,ଶ) in AC susceptibility 
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experiments. By comparing the magnetic susceptibility profiles of the generalised Debye model for single 
relaxation times with those of a generalised Debye model with two distinct relaxation times, we find that 
the out-of-phase AC susceptibility will appear as a single peak when หlogଵ଴ሾ𝜏ఓ,ଵ/𝜏ఓ,ଶሿห ൏ 0.580, and will 
resolve into two clear peaks when หlogଵ଴ሾ𝜏ఓ,ଵ/𝜏ఓ,ଶሿห ൐ 0.922, even for infinitely sharp distributions (i.e. 
𝛼 ൌ 0). In the case where only a single peak is observed (หlogଵ଴ሾ𝜏ఓ,ଵ/𝜏ఓ,ଶሿห ൏ 0.580), we also derive an 
expression to estimate the two underlying relaxation times, allowing extraction of “hidden” information 
from AC susceptibility data.  
As a case study, we examine the recently-described SMM [Dy(OPh)2(py)5][B(Ph)4] [18] where two 
relaxation times are observed in the AC data between 30 and 40 K, and only one relaxation time above 
40 K. However, the alpha values between 40 and 50 K are abnormally large (0.05 ൏ 𝛼 ൏ 0.15 cf. 𝛼 ൏
0.03 at other temperatures), suggesting that two processes are obscured in this range. Using our method 
we are able to extract the two underlying relaxation times in this temperature range and show that they 
smoothly converge to a single high-temperature relaxation process, rather than one process abruptly 
switching off or on. 

Model. 

For a material with a single magnetic relaxation time, the (real) in- and (imaginary) out-of-phase AC 
susceptibility components are well described by the generalised Debye model (herein the “single 
generalised Debye” model or SGD) [6], Equations 1-3, respectively [2]. Here, 𝜏ఓ is the characteristic 
relaxation time, 𝛼 is the distribution parameter, 𝜔 is the AC frequency and 𝜒ௌ and 𝜒் are the adiabatic 
and isothermal susceptibilities, respectively. Subsequently, we consider a material with two components 
of equal proportion, only differing in their characteristic relaxation times (i.e. 𝜒ௌ,ଵ ൌ 𝜒ௌ,ଶ ൌ 𝜒ௌ, 𝜒்,ଵ ൌ
𝜒்,ଶ ൌ 𝜒், 𝛼ଵ ൌ  𝛼ଶ ൌ  𝛼; the more general case is discussed at the end of the manuscript), and for 
simplicity we define 𝜏ఓ,ଵ ൌ 10ି௦ and 𝜏ఓ,ଶ ൌ 10௦, so that a single parameter 𝑠 controls the separation of 
the two species symmetrically on a logarithmic scale about 𝜏 ൌ 1; in this case the AC susceptibilities are 
given by Equations 4-6 (herein the “double generalised Debye” model or DGD; note the factor of 1/2 
in Equation 4, that also propagates into Equations 5 and 6, differs from the common definition [10], and 
is employed here such that when the two processes occur on the timescale 𝜏ఓ,ଵ ൌ 𝜏ఓ,ଶ the equation is the 
same as the SGD).  
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II. Results and Discussion 

The first question that we ask is what combination of separation 𝑠 and broadening 𝛼 is required to 
observe two distinct peaks in the out-of-phase AC susceptibility of the DGD model. Clearly, for large 
separations and narrow distributions (small 𝛼) two peaks can be observed (Figure 1, black), however 
when the separation is smaller (Figure 1, red) or the distributions are wider (Figure 1, blue), only one 
peak is observed. We can define the visibility of two maxima (𝑉) with Equation 7, as the difference 
between the 𝜒ᇱᇱ values at 𝜔 ൌ 𝜏ఓ,ଵ

ିଵ ൌ 10௦ (one of the maxima) and 𝜔 ൌ 1 (the central minimum, due 
to the definition of 𝜏ఓ,ଵ and 𝜏ఓ,ଶ); note that we could equivalently define the visibility with 𝜔 ൌ 𝜏ఓ,ଶ

ିଵ ൌ
10ି௦ instead. When 𝑉 ൏ 0 only a single peak can be observed and when 𝑉 ൐ 0 two peaks can be 
observed; thus, 𝑉 ൌ 0 defines the “line of visibility” (here we exclude the trivial case of 𝑠 ൌ 0 for which 
V is always equal to zero). In the limiting case of 𝛼 ൌ 0, 𝑠 ൎ 0.461 for 𝑉 ൌ 0, and when the intrinsic 
broadening becomes larger there must be a larger separation in order to observe two peaks: e.g. when 
𝛼 ൌ 0.2, 0.4, 0.6 or 0.8, 𝑠 ൎ 0.665, 0.982, 1.58 or 3.28, respectively, for 𝑉 ൌ 0, Figure 2 (circles). In 
the limit 𝛼 → 1, 𝜒ᇱᇱ → 0 for all frequencies and thus 𝑠 diverges. 
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Figure 1. Out-of-phase AC susceptibility (a) and Cole-Cole plots (b) for DGD models with parameters 
𝑠 ൌ 0.5 and 𝛼 ൌ 0.001 (black), 𝑠 ൌ 0.05 and 𝛼 ൌ 0.001 (red), and 𝑠 ൌ 0.5 and 𝛼 ൌ 0.4 (blue). 𝜒ௌ ൌ

0.1, 𝜒் ൌ 1, 𝜏ఓ,ଵ ൌ 10ି௦ and 𝜏ఓ,ଶ ൌ 10௦ in all cases. 

 

Figure 2. Lines of visibility. Above the red line two peaks can be observed, and below the blue line only 
a single peak can be observed, by our two different definitions. Circles are solutions to Equation 7 for 
𝑉 ൌ 0, red line is best fit with Equation 8 where 𝐶ଵ ൌ 0.461 and 𝐶ଶ ൌ 0.681. Squares are 𝑠௠௔௫ values 
for SGD fits to DGD data, having enforced R2 = 0.998, and blue line is best fit with Equation 8 where 

𝐶ଵ ൌ 0.290 and 𝐶ଶ ൌ 0.450. 

The line of visibility (Equation 7,𝑉 ൌ 0) is very well approximated by Equation 8, where 𝐶ଵ ൌ 0.461 is 
fixed by the 𝛼 ൌ 0 intercept and the best-fit for 𝐶ଶ ൌ 0.681, Figure 2 (red line). This line defines the 
maximum value of the separation 𝑠௠௔௫ that is possible for a given value of 𝛼 such that only one peak is 
observed. However, the shape of the out-of-phase peak for the DGD model near this line of visibility 
will deviate greatly from that predicted by the SGD model, even if there is technically only one peak, e.g. 
Figure S1. Hence, a more practical definition of the line of visibility may be one based on the goodness-
of-fit of a SGD model to the 𝜒ᇱᇱ trace of a DGD dataset. In this approach, the SGD model is 
parameterised by an effective broadening 𝛼௘௙௙ (with 𝜏ఓ,௘௙௙ ൌ 1 due to our definition of 𝜏ఓ,ଵ ൌ 10ି௦ 
and 𝜏ఓ,ଶ ൌ 10௦) and we fit the data from a DGD model of given 𝛼 and 𝑠; this means that 𝛼௘௙௙ ൐ 𝛼 due 
to the convolution of two process with distinct relaxation times. Here we choose a reduced R2 
coefficient of 0.998 as our cut-off for “a good fit” by visual inspection (see Figure S2, where the 
parameters are now different to that in Figure S1 and hence the data fit better to a SGD model), and 
thus we can define more practical values for 𝑠௠௔௫ᇱ, Figure 2 (squares). These data are also very-well 
approximated by Equation 8, where again 𝐶ଵ ൌ 0.290 is fixed by the 𝛼 ൌ 0 intercept and the best-for 
for 𝐶ଶ ൌ 0.450, Figure 2 (blue line). As the 𝛼 ൌ 0 intercept (representing infinitely sharp distributions) 
has a non-zero value of 𝑠௠௔௫ even for our more stringent R2 definition of 𝑠௠௔௫ᇱ, a difference of up to 
half an order of magnitude (blue line in Figure 2, หlogଵ଴ൣ𝜏ఓ,ଵ൧ െ logଵ଴ሾ𝜏ఓ,ଶሿห ൌ 2𝑠௠௔௫ᇱ ൎ 0.580) 
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between two relaxation times will still resemble a single peak with a larger effective broadening 𝛼௘௙௙. 
When the separation is increased for 𝛼 ൌ 0 (i.e. moving upwards along the 𝑠-axis in Figure 2), 
separations around an order of magnitude (red line in Figure 2, 2𝑠௠௔௫ ൎ 0.922) and greater will give 
rise to two clear peaks in the out-of-phase susceptibility. Both separation bounds will be larger when the 
intrinsic broadening 𝛼 of the two processes increases. 

𝑠௠௔௫ ൌ 𝐶ଵ ൅
஼మఈ

ଵିఈ
    (8) 

For values of 0 ൏ 𝑠 ൏ 𝑠௠௔௫ᇱ the out-of-phase peak of the DGD function is well-modelled by a SGD 
model with 𝛼௘௙௙ ൐ 𝛼. When 𝑠 ൌ 0 the two relaxation times are identical and hence 𝛼௘௙௙ ൌ 𝛼, but as 𝑠 
increases for fixed 𝛼 there is a concomitant increase in 𝛼௘௙௙, Figure 3. Interestingly, the contour lines of 
iso-𝛼 appear to be quadratic functions of 𝑠 with flattening profiles upon increasing 𝛼; this is consistent 
with the limit 𝛼௘௙௙ ൌ 1 when 𝛼 ൌ 1, because no peaks are observed and 𝑠 could take any value, and 
thus the 𝛼 ൌ 1 contour is a flat line at 𝛼௘௙௙ ൌ 1. By fitting these data with quadratic functions 𝛼௘௙௙ ൌ
𝐴௔𝑠ଶ ൅ 𝛼, Figure S3, we can determine how the quadratic coefficient varies with 𝛼 (where we can 
define 𝐴௔ ൌ 0 for 𝛼 ൌ 1), Figure S4. The values of 𝐴௔ as a function of 𝛼 are very well approximated by 
𝐴௔ ൌ 1.33ሺ1 െ 𝛼ሻ𝑒ିଶ.଼ଶఈ, Figure S4, allowing us to approximate how 𝛼௘௙௙ varies with 𝛼 and 𝑠, 
Equation 9. 

𝛼௘௙௙ ൌ  1.33ሺ1 െ 𝛼ሻ𝑒ିଶ.଼ଶఈ𝑠ଶ ൅ 𝛼  (9) 

 

Figure 3. Contours of the effective distribution parameter for a SGD model describing an underlying bi-
modal distribution given by the DGD model. Each contour intersects the vertical axis at its value of  

iso-𝛼. The gray-shaded region is not permissible parameter space because even when 𝛼 ൌ 0, 
 𝛼௘௙௙ ൌ  1.33𝑠ଶ in the range 0 ൏ 𝑠 ≲ 0.290. 

With our collaborators we have recently reported a series of high-performance pentagonal bipyramidal 
Dy(III) SMMs, where [Dy(OPh)2(py)5][B(Ph)4] showed two relaxation times in the AC data between 30 
and 40 K (only half the second peak is observed at 26 and 28 K), and just one relaxation time between 
20 and 24 K and above 40 K [18]. However, before two peaks emerge upon cooling, there is a dramatic 
increase in 𝛼௘௙௙ for the single observed relaxation peak, Figure 4. Under the assumptions of our model 
above, if the intrinsic 𝛼 parameters of the two underlying relaxation process are similar enough (with 
respect to a significantly larger 𝛼௘௙௙), then we can approximate the separation of the two peaks in the 
data assuming they are symmetrically disposed around the measured 𝜏ఓ,௘௙௙. Given the values of 𝛼ଵ and 
𝛼ଶ are ca. 0.009 for 30 K ≤ T ≤ 40 K, and return to ca. 0.014 for T > 50 K, we assume an intrinsic 
average value of 𝛼 ൌ 0.012 for the data in the range 46 K ≤ T ≤ 50 K (we note that the decrease of 
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𝛼௘௙௙ at 42 and 44 K is due to the divergence of the two processes, but there is not enough low-
frequency data to model the slower relaxation process; the same is true for data below 30 K). 
Rearranging Equation 9 to find the separation 𝑠, we obtain Equation 10 and thus with our value of 𝛼 ൌ
0.012 we can find 𝑠 for each value of 𝛼௘௙௙ in the range 46 K ≤ T ≤ 50 K. With the relation that 
𝜏ఓ,ଵ ൌ 10ି௦𝜏ఓ,௘௙௙ and 𝜏ఓ,ଶ ൌ 10௦𝜏ఓ,௘௙௙, we can extract approximate relaxation times for the two 
underlying processes, Figure 5. This suggests that the two process indeed converge to a single relaxation 
time at higher temperatures, which was not visible in the original treatment of the data [18]. The 
relaxation rate data for the fast (𝜏ఓ,ଵ) and slow (𝜏ఓ,ଶ) relaxation processes can now be fitted (Figure 5) 
with Equation 11 using CC-FIT2 [7] to obtain the model parameters, Table 1. 

𝑠 ൎ ට
ఈ೐೑೑ିఈ

ଵ.ଷଷሺଵିఈሻ௘షమ.ఴమഀ    (10) 

logଵ଴ሾ𝜏ఓ,௡
ିଵሿ ൌ logଵ଴ሾ10ି஺𝑒ି௎೐೑೑ ்⁄ ൅ 10ோ𝑇௡ሿ   (11) 

 

Figure 4. Values of 𝛼ଵ and 𝛼ଶ (orange points, 30 K ≤ T ≤ 40 K, DGD fits), and 𝛼௘௙௙ (grey points,  
T < 30 K and T > 40 K, SGD fits) for [Dy(OPh)2(py)5][B(Ph)4] [18]. 

Table 1. Model relaxation parameters 

Process 𝑼𝒆𝒇𝒇 (K) 𝑨 (log[s]) 𝑹 (log[s-1 K-n]) 𝒏 

Fast, 𝝉𝝁,𝟏 1320(80) -12.6(6) -5.9(5) 4.5(3) 

Slow, 𝝉𝝁,𝟐 1130(50) -11.3(3) -7.6(9) 5.0(6) 
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Figure 5. Temperature dependence of the magnetic relaxation rates for [Dy(OPh)2(py)5][B(Ph)4] [18]. 
Data are from the DGD model (orange), the SGD model (grey), and extracted using the method derived 
herein (black). Error bars are ESDs from the log-normal distribution model according to ref. 7. Blue line 
is a fit to the faster relaxation data 𝜏ఓ,ଵ (grey points above 50 K, below 30 K and at 42 and 44 K; upper 

black points; upper orange points), red line is a fit to the slower relaxation data 𝜏ఓ,ଶ (grey points above 50 
K; lower black points; lower orange points). 

Our final point of discussion is to address the situation where the susceptibilities of the two components 
are not identical. It has previously been discussed that the magnitudes of the magnetic susceptibilities of 
the two relaxing species must not differ too largely in order for two processes to be observable [16]. 
Performing simulations with variable ratios of ሺ𝜒்,ଵ െ 𝜒ௌ,ଵሻ/ሺ𝜒்,ଶ െ 𝜒ௌ,ଶሻ (Figure S5) shows that 
ሺ𝜒்,ଵ െ 𝜒ௌ,ଵሻ/ሺ𝜒்,ଶ െ 𝜒ௌ,ଶሻ should lie between 0.1 and 10 for two processes to be observable, and that 
two processes are more easily observed the closer this ratio is to unity. Indeed, in refs 9, 11 and 12 the 
ratio of ሺ𝜒்,ଵ െ 𝜒ௌ,ଵሻ/ሺ𝜒்,ଶ െ 𝜒ௌ,ଶሻ  is in the range 0.3 – 3.6, in agreement with the above conditions. 
Generalisation of our methodology to more complex cases with 𝜒ௌ,ଵ ് 𝜒ௌ,ଶ, 𝜒்,ଵ ് 𝜒்,ଶ, 𝛼ଵ ്  𝛼ଶ is 
not trivial and would not be advisable; extraction of “hidden” relaxation data should be done with only 
the simplest possible models, as variation amongst the other parameters would lead to arbitrary 
solutions. 

III. Conclusions 

We have examined the conditions, accounting for separation and breadth of the intrinsic distributions, 
under which two distinct magnetic relaxation processes will be observable in AC susceptibility 
experiments. We find a minimum separation of approximately an order of magnitude is required to 
observe two relaxation processes, which increases when the intrinsic distributions are broader. We have 
also examined the case where only a single process is observed, but is suspected to arise from two 
underlying processes, and derived an expression relating the effective distribution of the single process to 
the separation of the two underlying processes, allowing extraction of “hidden” information from AC 
susceptibility data. 
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